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ABSTRACT 

The theory of SU (2) gauged seven- dimensional supergravity is obtained 
by compactifying ten dimensional = 1 supergravity on the group manifold 
SU{2). 
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1 Introduction 



Theories of extended supergravity in various dimensions possess rigid sym- 
metries. A subgroup of these symmetries can be gauged by the vector fields 
present in the theory. For example, in = 2 supergravity in five dimensions, 
one can gauge the U{1) subgroup of the SU{2) rigid symmetry group of the 
theory [jl| . Gauged supergravity theories exist in higher dimensions in which 
supersymmetry allows the existence of a cosmological constant. It is well 
known that a cosmological constant is not allowed in d = 11, d = 10 and 
d = 9. In d = 7, SU{2) and SO(b) x 5*0(5) gauged supergravity theories 
were constructed in and 0] respectively. 

The theories of gauged supergravity theories in (i = 4, 5, 7 are believed to 
be related to certain compactifications of d = 10, 11 supergravity theories. 
For instance, the four dimensional gauged N = 8 supergravity 0] was conjec- 
tured to be related to the compactification of the original eleven dimensional 
supergravity P on 5''^ 0. This conjecture was proved by de Wit and Nico- 
lai for a different formulation of eleven dimensional supergravity with 
local SU{8) invariance The connection to the non linear Kaluza-Klein 
ansatz of the original d = 11 Lagrangian could only be solved in certain 
sectors. Toroidal compactification of ten dimensional supergravity to four 
dimensions yields an = 4 supergravity theory with six vector multiplets 
[P]. The vector and matter fields obtained in four dimensions are in gen- 
eral linear combinations of the internal components of the ten dimensional 
metric and antisymmetric tensor. The truncation is then performed by iden- 
tifying the vector components of the ten-dimensional metric with those of 
the antisymmetric tensor. Another known compactifications of ten dimen- 
sional supergravity are due to Scherk and Schwarz [10|, in which the internal 
compactified space is taken to be a group manifold. The maximal group 
manifold allowed is x and a compactification of this particular case 



for the dual formulation of supergravity was performed in |11|. The result 



ing four dimensional theory is an A = 4 supergravity with a non-compact 
gauge group containing the factor SU{2) x SU{2). In order to obtain the 
Friedman-Schwarz model , a compactification of the Sherck-Schwarz type 
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is needed. This compactification was performed recently in |13| . The crucial 
point in this analysis is the specific relation between the components of the 
metric and antisymmetric tensor along the internal dimensions. This was a 
long standing problem, the main difficulty was finding the right ansatz for 
the antisymmetric tensor field. It was suggested by the authors of that 
a more complicated six dimensional internal manifold is needed in order to 
obtain the Friedman-Schwarz model. This suggestion was motivated by the 
general result of Friedman, Gibbons and West fl^ that non-trivial compact- 
ifications of ten-dimensional supergravity are inconsistent. This proved not 
to be the basic assumption made in regarding the dilaton field 

needs to be violated. 

In recent years, there has been a renewed interest in gauged supergravity 
theories. This is mainly due to the recently conjectured duality between su- 
pergravity and super Yang Mills [1^. Since this conjecture has been made, 
anti-de Sitter spaces have received a great deal of interest. The purpose of 
our work here is to demonstrate that d = 7, N = 2, S'?7(2)-gauged super- 
gravity theory of can be obtained via dimensional reduction of = 1 ten 
dimensional and eleven dimensional supergravity theories. 



2 Dimensional Reduction and D = 7 Gauged 
Supergravity 

In this section we will show explicitly how to obtain the seven dimensional 
gauged supergravity of as a dimensionally reduced ten dimensional = 1 
supergravity theory. The internal space is taken to be the group manifold 
SU{2). 

The bosonic part of = 1 supergravity action in ten dimensions is 

^ S^ + S^ + Sfy. (1) 

Our notations are as follows. Ten- dimensional quantities are denoted by hat- 
ted symbols. Base space and tangent space indices are denoted by late and 
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early capital Latin letters, respectively. We first comment briefiy on the com- 
pactification of ten-dimensional supergravity on x to four dimensions. 

For four-dimensional space-time indices, late and early Greek letters de- 
note base space and tangent space indices, respectively. Similarly, the inter- 
nal base space and tangent space indices are denoted by late and early Latin 
letters, respectively. 

{M} = {/i = 0, . . . , 3; m = 1, . . . , 6}, {A} = {a = 0, ... ,3; a = 1, ... ,6}. 

(2) 

The general coordinates consist of spacetime coordinates and internal 
coordinates z'^. The flat Lorentz metric of the tangent space is chosen to be 
—) with the internal dimensions all spacelike. Thus the metric is 
related to the vielbein by 

and the antisymmetric tensor field strength is 

Hmnp = dMBj^fp + OnEpm + dpBMN ■ (4) 

The coordinates 2™ span the internal compact group space, implying that 
we have the functions U^{z) satisfying the condition 

Here fabc are the group structure constants and the internal space volume is 
Q = J\U^\dz. In the maximal case, i. e., SU{2) x SU{2), each 5*^ factor 
admits invariant 1-form ^" = 9fdz\ which satisfies 

de'' + ^eabcO' A r = (6) 

If one chooses 

u^^u^^ -y^et (7) 

where g is a coupling constant, then the structure constants will be given 
in terms of the coupling constant by fabc = g^abc- For the case where the 
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coupling constant of one of the SU{2) factors vanishes, the internal space 
becomes the group manifold SU{2) x [[/(l)]^. In order to get a consistent 
truncation, one must set six vector multiplets to zero. This is done by identi- 
fying the six gauge fields coming from the components of the metric with six 
vector fields from the components of the antisymmetric tensor. In order to 
do this identification the vectors coming from the antisymmetric tensor must 
behave like Yang-Mills gauge fields, and here is the main source of difficulty. 
It is crucial to have the right ansatz for the antisymmetric tensor to get a 
consistent truncation. 

We now turn to the compactification of ten-dimensional supergravity the- 
ory down to seven dimensions. The three dimensional internal space is taken 
to be the SU{2) group manifold. We shall show that the obtained theory is 
the SU{2) gauged seven dimensional supergravity theory derived in 0. Fol- 



lowing Scherk and Schwarz |T^, we parameterize the vielbein in the following 
form 

where we have set k = 1 and rescaled the gauge fields by Here U depends 
on the internal coordinates (7, 8, 9) and cj) = 4>{x). 

Our ansatz in terms of the metric components is thus given by 

Qmn = -U:,Uy-^ (9) 

Using equation (38) of [|10|)Q for the reduction of Sq, one obtains the 
reduced Lagrangian, which reads 



= - + ^g'-d.^d.^^ + ^et<^ (10) 



where 

F% = d, Al - d^Al + UcA'^Al (11) 

^When using this formula, we rescale the gauge fields 
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For the antisymmetric tensor our ansatz is 

1 

72 



B^u B^y^ B^-ui /Tf^^^m' -^mn (-^^) 



where B^^ is a function of x and Bmn is a function of the internal coordinates 



z only. The field strengths are given by 



H^up Hpi,p — dpBjyp -\- dj/Bpp -\- dpBpiy 
1 

Hmnp 9^Bfip -\- dfiBpjyi -\- dpB,fyiji (-^^) 
where we also require that 

Hmnp = '^^'^y^fabcU^i^Uj^Up (14) 

The reduction of gives the following 

= iy^e-f^K.^H'^'^'' - yUF^^F^^^ - |^et<^') (15) 



where 



UJ 



6(Af^a.A^] + (16) 



pup - \- -yp- 1^- -p\ ' 2 

In deriving equation (|T5|) care must be taken to include the off-diagonal 
components of the metric. This can be effectively done by first defining 
Habc = g^'^&b^cHmnp and then writing 

Ho — p~T<5^pP-p^ F"- 
HafS^ = 0, 

Habc 6 2 2\72 ^'^^^ ' 
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The appearance of the Chern-Simons term u^j^^p in H'^^p is a crucial test of 
the consistency of the ansatz. 

The reduction of the scalar part of ten dimensional supergravity, gives 
the following contribution to the seven dimensional Lagrangian 

Cs = \d,^d^4> (17) 

Therefore, combining Cq, '^b and £5, the seven dimensional theory is de- 
scribed by the Lagrangian 

Cr = -\R-\e-'^^F;^,F^^^ + ^-g^^d,4>dM^e-f^H'^^^^^ (18) 

The N = 2 SU (2) gauged d = 7 supergravity which was constructed in 
[0] is given by 

+^^"''^'''''F,^P^KxM,j ' + (19) 

where a = e v^"^. The Lagrangian in (|1^) can be seen to be identical to 
( p!9D , after multiplying equation (|1^) by an overall factor of 2 and under the 
following identifications 

^ = (20) 
9 = 2a, (21) 
A,.' = -A^ir^)l. (22) 

The Lagrangian (|19|) contains a three-form A^i^p instead of the two-form 
Bpu appearing in (plsl) . These forms are, however, related by a duality trans- 
formation. To see this we add to the seven dimensional compactified action 
in (0) the term 

and assume that H^^^p is not the field strength of B^^^, but an independent field. 
The equation of motion of Af^xri then implies that Hp^p is the field strength of 
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a two form B^,y. On the other hand, now the if^i^p appears quadratically and 
hnearly in the Lagrangian, the Gaussian integration of Hfj_^p can be carried 
out resulting in the terms 

Integrating the last term by parts and using the identity 

3 

one obtains the Chern-Simons term 

1 



24^2 



and this is seen to agree with the Lagrangian in (|I9]) after integrating by 
parts0. 

We note in passing that the seven dimensional Lagrangian can also be 
obtained by compactifying eleven dimensional supergravity and then trun- 
cating. This can be seen by embedding the ten-dimensional supergravity into 
eleven-dimensional supergravity after truncating half the degrees of freedom. 
One has the following identifications for the eleven dimensional fields: 
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3 , 



^1 = 

e]^ = 
Amnp = 

This identification is important in lifting special solutions from seven to ten 
and eleven dimensions. 



^The different signs for the kinetic terms as well as the i factor appearing with the 
epsilon tensor in ([l^ ) are due to the choice of the metric (+ + + + + + +) in Q 
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We now comment on related work that appeared in the hterature. First in 
the work of Duff, Townsend and van Niewenhuizen a compactification of 
ten dimensional supergravity on 5*^ was given, but this breaks all supersym- 
metries. Recently, a consistent truncation of eleven dimensional supergravity 
to = 4 seven dimensional supergravity has been given by Nastase, Vaman 
and van Niewenhuizen . They gave the complete non linear Kaluza-Klein 
reduction on AdSr x S4. Lu and Pope gave an ansatz for the reduction 
and truncation of eleven dimensional supergravity to seven dimensions. The 
Lagrangian they obtained has two coupling constants g and m where m is 
the coefficient of the topological term 

which is only possible in the A^i,p formulation oi d = 7 supergravity but 
not in the A^j^ formulation. The case considered in this paper corresponds 
to setting m = in [|18] and is only obtained from their work as a singular 
limit. 

In this work we have not given the ansatz for the reduction of the fermionic 
parts. This should be straightforward but tedious. The consistency of the 
ansatz for the fermionic sector has been checked for the reduction of the 
= 1 ten dimensional supregravity on x to four dimensions |T^ . The 
reduction considered here is very similar to that case and the consistency 
check should follow the same steps. 
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